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1 Proofs and Algorithm

In this section, we provide rigorous mathematical proofs for the theoretical bot-
tlenecks and bounds, establishing the necessity of our Unsupervised Prototypical
Alignment (UPA) and Label-Guided Manifold Calibration (LGMC).

1.1 Prototype Estimation Error Bound

To formalize the prototype estimation error, we explicitly assume the feature
mapping f(x) € R is bounded such that each coordinate f(x); € [—~M, M].

Proposition 1 (Prototype Estimation Error Bound).
Let S, be the subset of target samples with pseudo-label ¢ and n. = |S.|.
Define the oracle centroid

tre =By [ f(2) [y =c],

and the empirical prototype

Also define the misclassification mean peq := E[ f(2) | y # ¢,§ = ¢], the false
discovery rate o, := P(y # ¢ | § = ¢), and the selection bias vector 5. := E[ f(z) |

y=cg=c|—u;.
Then, with probability at least 1 — 6§, the estimation error satisfies

2dlog(2d/d
B(20/5) |

C

e = pella < M (1= ac)|Bell2 + acllperr — pcll2;

where the first term reflects sampling variability and the remainder captures
structural bias.
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Proof. By the triangle inequality,

e = pell2 < [lfe = Eliclllz + [Elfe] — pell2-

For the stochastic error, since each coordinate j € {1,...,d} is bounded in
[-M, M] and the samples are i.i.d., we apply the scalar Hoeffding’s inequality
per coordinate. Using a union bound over all d dimensions, with probability at
least 1 — § we have

. N 2log(2d/o
ma e — Bl ]| < 0| 21EE)

Using the norm inequality ||v]|2 < V/d||v| o, this gives

I~ Eli] |2 < b 21E2A0)

For the structural bias, applying the law of total expectation conditioned on
1 = c yields

Elfie] = (1 — ae) (s + Be) + eprerr = pr + (1 — ) Be + ac(pterr — 17,)-

Thus
|E[fc] = pell2 < (1 — ac)l|Bell2 + acllpterr — pel2-

Substituting back completes the proof. O

1.2 Query Purity Bound

Lemma 1 (Vulnerability of Query Guarantee).
Assume the active learning utility function U(x, p) is L-Lipschitz continuous
w.r.t. the prototype pu. Let

A:=U(xg,pu*) = U(p, pu*) >0

be the true utility margin between a structural anchor x, and out-of-distribution
noise x,. If the empirical prototype i suffers from structural bias B. = ||fi —
w2 > %, then there ezists a feasible adversarial configuration where the theo-
retical guarantee to prioritize x, over x, 18 compromised, i.e.,

U(xn, i) > Uz, it).
Proof. By the L-Lipschitz continuity of U, for any z we have
U (2, ) — Uw, 1) < L- B..

To certify correct query prioritization, the minimum possible utility of x, must
exceed the maximum possible utility of z.,:

U(zg,p*)— L-Be>U(zp,p*)+ L - Be.
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This inequality simplifies to the condition
2L - B, < U(xq, ") — U(xp, 1) = A.

Thus if B, > %, the uncertainty intervals overlap and there exists a configura-
tion such that

U(@n, i) > Ulxa; f1)-

1.3 Generalization Bound under Distribution Mismatch

Proposition 2 (Generalization Bound via Optimal Transport).

Let hg € H be a hypothesis trained on a queried subset Sq of size n drawn
i.i.d. from the query distribution Pg. Let Dt be the overall target distribution.
Assume covariate shift: P(y|x) is identical across Dy and Pg. Assume the loss
Ly, y) is bounded by My and is Ly-Lipschitz w.r.t. its prediction argument, and
each h € H is Ly-Lipschitz w.r.t. . Then with probability at least 1 — 0§,

log(2/9)
2n

Rp,(hg) < Ro(hq) + 2Js, (H) + 3M; + LyLy, - Wi (D, PY), (1)

where ﬁQ(hQ) is the empirical risk, Js,(H) is the Rademacher complexity of
H, and Wy(D3¥, Pg) 1s the 1-Wasserstein distance between the marginal input
distributions.

Proof. Decompose the target risk:

Rp,(hg) < Rpy(hg) + | Epy [l(ho(x),y)] — Epy[L(hq(x),y)] | -

By standard Rademacher complexity bounds, with probability at least 1 — 6,

~ log(2/6
Req(hq) < Rolha) + 2Js, (H) + 3Myy [ 20,

which is a uniform convergence result based on bounded loss and Rademacher
complexity.
Under covariate shift, define

g(a?) = IEwa(y|ac) [E(hQ (LL'), y)]

Because £ is Ly-Lipschitz w.r.t. predictions and hg is Lp-Lipschitz w.r.t. z,
g(x) is (L¢Lp)-Lipschitz w.r.t. x. By the Kantorovich-Rubinstein duality for the
1-Wasserstein metric, for any (LLy,)-Lipschitz function g,

|E.pxlg(z)] — L [9(2)]| < LeLn - Wi(D7, PY).

Substituting these two bounds gives the claimed inequality. a

056

057

058

060

061

062
063
064

066
067

068

073

074

075

076
077
078

079



084

085

086

087
088
089
090
091
092
093
094
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Algorithm 1 Adapt-Label-Adapt (A2?L) Framework

Input: Student 05, Teacher 07, Target pool D, Budget B.
Output: Adapted student fs.

: Stage I: Unsupervised Prototypical Alignment (UPA)
: for e =1 to Ewarmup do
Predict pseudo-labels ¢ via 6r.
Update pseudo-centroids: pie < ape + (1 — Oé)‘]ulT)‘ D ien(o
Compute loss: Lwarmup < Lseg + BLsca
Update student: 05 < 0s — nVog Lwarmup
Update teacher: 07 <~ EMA(05s)
end for
9: Stage II: Prototypical-Aware Uncertainty Herding (PAUH)
10: Compute pixel uncertainty u;,, and image uncertainty U (X).
11: S* « 0
12: while |S*| < B do
13: X" <+ argmaxxep,\s+ [U(X) - V(X)]
14:  S*+« STuU{X"}
15: end while
16: Get ground-truth labels Ys+ for active set S*.
17: Stage III: Label-Guided Manifold Calibration (LGMC)
18: Init anchors g. using labeled pixels £2; in S*.
19: for e =1 to Efinq do
20:  Update anchors: g. + EMA(gc, z | z € 2})
21:  Compute loss: Lfinai < Loup(S™) + Lseg(Di \ S™) + BLsca(Dt) + ALear(S™)
22:  Update student: 05 < 0s — nVogLfinal
23: Update teacher: 67 < EMA(0s)
24: end for

S IR S ol e

1.4 Algorithm

Our proposed AL framework is summarized in Algorithm

2 More Visual Results

We provide further visual comparisons with other methods, as illustrated in Fig-
ure [I] and Figure [2] which display the qualitative segmentation results on the
RIM-ONE-v3 and DRISHTI-GS datasets, respectively. As can be observed, our
method consistently delineates smooth and highly accurate anatomical bound-
aries for both the optic disc and cup. It not only effectively eliminates local
prediction noise but also reconstructs morphological structures that are highly
consistent with the Ground Truth, continuously maintaining the best visual per-
formance.
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Fig. 1: Quantitative results of different methods on the RIM-ONE-v3 dataset.
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Fig. 2: Quantitative results of different methods on the DRISHTI-GS datasets.
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